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1 Introduction 



Lie bialgcbras were first introduced from the mathematical point of view, by Drinfcl'd as algebraic structures and 
classical limit of underlying quantized enveloping algebras (quantum groups) 1 J. In particular, every deformation 
of a universal enveloping algebra induces a Lie bialgebra structure on the underlying Lie algebra. Conversely 
it has been shown in [5] that each Lie bialgebra admits quantization. So the classification of Lie bialgebras can 
be seen as the first step in the classification of quantum groups. Many interesting examples of Lie bialgebras 
based on complex semisimple Lie algebras have been given in Derinfel'd [T]. A complete classification of Lie 
bialgebras with reduction double was given in [3]. However a classification of Lie bialgebras is out of reach, 
just for similar reasons as for the Lie algebra classification. In the non-semisimple case only a bunch of low 
dimensional examples has been thoroughly studied [H [5j [6j [7] . On the other hand, from the physical point 
of view, the theory of classical integrable system naturally relates to the geometry and representation theory 
of Poisson-Lie groups and the corresponding Lie bialgebras and their classical r-matrices (see for example [5]). 
In the same way, Lie super-bialgebras [9], as the underlying symmetry algebras, play an important role in 
the integrable structure of AdS/CFT correspondence [10]. In this way and by considering that there is a 
universal quantization for Lie super-bialgebras |11) , one can assign an important role to the classification of Lie 
super-bialgebras (especially low dimensional Lie super-bialgebras) from both physical and mathematical point 
of view. There are distinguished and nonsystematic ways for obtaining low dimensional Lie super-bialgebras (see 
for example [HJ H31 [T3] ) . In this paper, using adjoint representation of Lie superalgebras, we give a systematic 
way for obtaining and classification of low dimensional Lie super-bialgebras. We apply this method to the 
classification of two and three dimensional Lie super-bialgebras. 

The paper is organized as follows. In section two, we give basic definitions and notations that are used 
throughout the paper. The systematic way of classification of Lie super-bialgebras by using matrix form of 
super Jacobi (s J) and mixed super Jacobi (msJ) identities of Lie super-bialgebras is described in section three. 
A list of two and three dimensional Lie superalgebras of |15j is offered in section 4. The obtained automorphism 
Lie supergroups of these Lie superalgebras are also presented in section 4 . Then, using the method mentioned 
in section two, we classify all 48 two and three dimensional Lie super-bialgebras in section five. The details 
of calculations are explained using an example. The concluding section discusses some remarks. Certain 
properties of tensors and supermatrices are brought in the appendix A. Solutions of (sJ — msJ) identities and 
their isomorphism matrices are give in the appendix B. 



2 Basic definitions and notations 

In this paper we use DeWitt notation for supervector spaces, supermatrices. . . . [16] . Some of definitions and 
related notations are brought in appendix A. 

Definition: A Lie superalgebra g is a graded vector space g = gs(J)g_F with gradings; grade(g B ) = 
0, grade(gp) = 1; such that Lie bracket satisfies the super antisymmetric and super Jacobi identities, i.e. in a 
graded basis {Xi} of g if we pu10 

[X i ,X j ] = f k ij X k , (1) 

then 

(_!)<(*+*) f m, if l ki + fm^l^ + (-l)Ki+i) ruf l.. = Q) (2) 

so that 

/*« = -(-ir/V (3) 

Note that, in the standard basis, f B BB and f F BF are real c-numbers and f B pp are pure imaginary c-numbers 
and other components of structure constants f l j k are zero [16] . i.e. we have 

f k ij—0, if grade(i) + grade(j) ^ grade(k) (mod2). (4) 

1 Note that the bracket of one boson with one boson or one fermion is usual commutator but for one fermion with one fermion is 
anticommutator. Furthermore we identify grading of indices by the same indices in the power of (-1), for example gradingli) = i; 
this is the notation that DeWitt applied in his book |16| . 
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Let g be a finite-dimensional Lie superalgebra and g* be its dual vector space and let ( , ) be the canonical 
pairing on g* g. 

Definition: A Lie super-bialgebra structure on a Lie superalgebra g is a super skew-symmetric linear map 
S : g — > g £g) g (the super cocommutator) so tha10 [9] 

1) 6 is a super one-cocycle, i.e. 

6([X, Y]) = (ad x ® I + 1 ® ad x )S(Y) - (-l)l*H y l ( a d Y ® J + 7 ® ad y )<5(X) VX, Feg, (5) 

2) the dual map '(5 : g* <S> g* — ► g* is a Lie superbracket on g*, i.e. 

(£®r ]> S(X)) = ( t S($®T 1 ),X) = ([Z,r,}*,X) VIeg; (,^g*. (6) 
The Lie super-bialgebra defined in this way will be denoted by (g, g*) or (g, 8). 

Proposition: Super one-cocycles S and 6' of the Lie superalgebra g are said to be equivalent if there exists 
an automorphism A of g such that 

5' = (A ®A)oSo A' 1 . (7) 
In this case the two Lie super-bialgebras namely (g, S) and (g, 5'), are equivalent [TJ. 

Definition: A Manin super triple [9] is a triple of Lie superalgebras (T>, g, g) together with a non-degenerate 
ad-invariant super symmetric bilinear form < , > on T> such that 

1) g and g are Lie sub-superalgebras of V, 

2) 2? = g (J) g as a supervector space, 

3) g and g are isotropic with respect to <, >, i.e. 

< X h Xj >=< X\ X j >= 0, 5i j =< X^X 1 >= < X j ,Xi >= (-1)^6^, (8) 

where {X{\ and {X 1 } are basis of Lie superalgebras g and g, respectively. Note that in the above relation 5 J \ 
is the ordinary delta function. There is a one-to-one correspondence between Lie super-bialgebra (g,g*) and 
Manin super triple (2?,g,g) with g* = g [9]. If we choose the structure constants of Lie superalgebras g and g 
as 

[X<, X.j\ = f\ 3 X k , [X\ X'] = ~f%X\ (9) 

then ad-invariance of the bilinear form <, > onP = g0g implies that 

[Xi,&] = {-iy~r\x k + (-iyr ki x k . (io) 

Clearly, using the equations (6) and (9) we hav^l 

5(x i ) = (-iy k f\x j ®x k . (ii) 

As a result of applying this relation to the super one-cocycle condition (5), the super Jacobi identities (2) for 
the dual Lie superalgabra and the following mixed super Jacobi identities are obtained^ 

fm ril ri fml i rl rim i / i \jl fi rral , / i \ik A j-im /i r\\ 

J jkJ m — J mkJ j J jmJ fe + l L ) J jmJ k ~T~ V 1 ) JmkJ y \ lz ) 



2 Here |-X"|(|Y|) indicates the grading of X{Y). 

3 Note that the appearance of (— iy k in this relation is due to the definition of natural inner product between g® g and g* (g) g* 
as (X* ® Xi,X k ®Xi) = {-iy k 8 l k &h- 

4 This relation can also be obtained from super Jacobi identity of T>. 
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3 Calculation of Lie super-bialgebras using adjoint representation 



As discussed in the introduction, by use of super Jacobi and mixed super Jacobi identities we classify two and 
three dimensional Lie super-bialgebras. This method was first used to obtain three dimensional Lie bialgebras 
in [3]. Because of tensorial form of super Jacobi and mixed super Jacobi identities, working with them is not 
so easy and we suggest writing these equations as matrix forms using the following adjoint representations for 
Lie superalgebras g and g 

(*y fc = -/»V (y i ) j k = -f jk - (13) 

Then the matrix forms of super Jacobi identities (2) for dual Lie superalgebra g and mixed super Jacobi 
identities (12) become as follows respectively: 

{Xy k X k - + (-Vfifrfr = 0, (14) 

(x l )\ y l = -(-i) k x stj y i + y j x i - (-i) ij y i x j + {-i) k+ij x sti y j . (is) 

Note that in the above relations we use the right indices for the matrix elements and index k represents the 
column of matrix X st . 

Having the structure constants of the Lie superalgebra g, we solve the matrix equations (14) and (15) in 
order to obtain the structure constants of the dual Lie superalgebras g so that (g, g) is Lie super-bialgebra. 
We assume that, we have classification and tabulation of the Lie superalgebras g (for example two and three 
dimensional Lie superalgebras for this paper j^. We fulfill this work in the following three steps using Maple. 

Step 1) With the solution of matrix equations (14) and (15) for obtaining matrices X % ', some structure 
constants of g are obtained zero, and some unknown or in terms of each other. In order to know whether g is one 
of the Lie superalgebras of table or isomorphic to those, we must use the following isomorphic relation between 
obtained Lie superalgebras g and one of the Lie superalgebras of table, e.g. g'. Applying the transformation 
(37) for a change of basis g we have 

X 1 = & j X i , [X \X j ] = fjfjt' k , (16) 

then the following matrix equations for isomorphism 

(-iy^c(c\x* s) ) = x{ g , } c, (17) 

are obtained, where the indices j and I corresponds to the row and column of C in the left hand side of (17). In 
the above matrix equations X? g n are adjoint matrices of known Lie superalgebra g' of the classification table. 

Solving (17) with the condition sdetC ^ we obtain some extra conditions on //~s m 's that were obtained from 
(14) and (15). 

Step 2) As the second step we transform Lie super-bialgebra (g,g) (where in the Lie superalgebra g we 
impose extra conditions obtained in the step one) to Lie super bialgebra (g, g'.i) (where g'.i is isomorphic as 
Lie superalgebra to g') with an automorphism of the Lie superalgebra g. As the inner product (8) is invariant 
we have A~ st : g — > g'.i, 

X'^i-lfA^Xu, X j = {A- st )\X l , < X[,X 3 >= 5 t 3 , (18) 

where A~ st is superinverse supertranspose of every matrix A <E Aut(g) @. Thus we have the following transfor- 
mation relation for the map A~ st 

(-l^m^styJU m{A sty i = fj {g ,. )n (A- st r m - (19) 

Now, for obtaining Lie super-bialgebras (g, g'.i), we must find Lie superalgebras g'.i or transformations B : 
g' — > g' A such that 

(-l) k ^B\f kl (gt)m B\ = r\ s , A)n B n m . (20) 

5 Here we explain the method in general and one can apply it for classification of other low dimensional Lie super-bialgebras 1171 . 
6 A«t(g) is the automorphism supergroup of the Lie superalgebra g 
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For this purpose, it is enough to omit f l \ g > n n between (19) and (20). Then we will have the following matrix 
equation for B 

(A~ st y m X'~J n A~ 1 = {-iy^\B st Ay 1 {B\X stk (s , ) )B st , (21) 

where indices I and j are row and column of B st in the right hand side of the above relation. Now by solving 
(21) we obtain the general form of matrix B with the condition sdetB ^ 0. In solving (21) one can obtain 
conditions on elements of matrix A, yet we must only consider those conditions under which we have sdetA =/= 
and matrices A, B and A~ st have the general transformation matrix form (38). 

Step 3) Having solved (21), we obtain the general form of the matrix B so that its elements are written in 
terms of the elements of matrices A, C and structure constants fJL k- Now with substituting B in (20), we 
obtain structure constants p\ s ' n n of the Lie superalgebra g'.i in terms of elements of matrices A and C and 
some f%L k ■ Then we check whether it is possible to equalize the structure constants / y ( g , ^ „ with each other 
and with ±1 or not so as to remark sdetB ^ 0, sdetA ^ and sdetC ^ 0. In this way, we obtain isomorphism 
matrices B\, B 2 ,... • As Bf must be in the form of transformation matrices (38), we obtain conditions on the 
matrices Bi. The reason is that if (g, g'.i) is Lie super-bialgebra, then (g', g.i) will be Lie super-bialgebras with 
Bf : g — > g.i. Note that in obtaining BiS we impose the condition BB^ 1 € Aut st (g) 0; if this condition is 
not satisfied then we can not impose it on the structure constants because B and Bi are not equivalent (see 
bellow) . 

Now using isomorphism matrices B±, B 2l ... , we can obtain Lie super-bialgebras (g,g'.i), (g, g'.ii),... . On 
the other hand, there is the question: which of these Lie super-bialgebras are equivalent? In order to answer this 
question, we use the matrix form of the relation (7). Consider the two Lie super-bialgebras (g, g'.i), (g, g'.ii); 
then using 

A(Xi) = (-l)'V** (22) 
the relation (7) will have the following matrix form 

^ ir U+i) A st [{A sty k X {s , A) k ) = X [s ,. lt) l A st . (23) 

On the other hand, the transformation matrix between g'.i and g'.ii is B 2 B^ 1 if B\ : g' — > g'.i and B2 : 
g' — > g' .ii; then we have 

(-iyU+ l \B 2 B^)((B 2 B^y k X is , A) k ) = X (s , M y(B 2 B^). (24) 

A comparison of (24) with (23) reveals that if B 2 B^[ 1 6 A st holds, then the Lie super-bialgebras (g, g'.i) and 
(g, g'.ii) are equivalent. In this way, we obtain nonequivalent class of BiS and we consider only one element of 
this class. Thus, we obtain and classify all Lie super-bialgebras. In the next section, we apply this formulation 
to two and three dimensional Lie superalgebras. 

4 Two and three dimensional Lie superalgebras and their automor- 
phism supergroups 

In this section, we use the classification of two and three dimensional Lie superalgebras listed in |15j . In this 
classification, Lie superalgebras are divided into two types: trivial and nontrivial Lie superalgebras for which the 
commutations of fermion-fermion is zero or nonzero respectively (as we use DeWitt notation here, the structure 
constant Cp F must be pure imaginary). The results have been presented in tables 1 and 2. As the tables 
(to, n — to) indicate the Lie superalgebras have to, {Xi, X m } bosonic and n — to, {X m+ i, X n } fermionic 
generators. 



7 Note that for A~ st and A~ 1 in (21) we use row and column indices on the right hand sides. 

8 Aitt'(g) is the supertranspose of Aut(g). 

9 Note that the effect of A is linear and even i.e. 
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Table 1 : Trivial Lie superalgebras 



Typo 


g 


Bosonic bases 


Fcrmionic bases 


Commutation relations 


Comments 


(1,1) 


B 


x 1 


x 2 


[Xi , X 2 ] — x 2 




(2,1) 


cl 


X\ , X2 


x 3 


[X ± ,X 2 ] = X 2 , [X lt X 3 ] = pX 3 






cl 


x 1 


X2 , x 3 


[X U X 2 ] = X 2 , [X u X 3 ]=pX 3 


< |p| < 1 




c 3 


x L 


X2 , X3 


[X U X 3 ] = X 2 


Nilpotcnt 


(1,2) 


c 4 


Xi 


X2 , -^3 


[X\ , X2 ] — X2 , [X\ , X$ ] — X2 + X3 






c l 


Xi 


X2, X3 


[Xi,X 2 ] = pX2-X 3 , [Xi,X 3 ] = X 2 +pX 3 


p > 



Table 2 : Nontrivial Lie superalgebraf 



Type 


S 




Bosonic bases 


Fcrmionic bases 


Commutation relations 


Comments 


(1,1) 




+ A) 


Xi 


x 2 


{X 2 ,X 2 } = iXi 




(2,1) 


c\ 




X± , X2 


x 3 


[X 1 ,X 2 }=X 2 , [Xi,X 3 ] = iX 3 , {X 3 ,X 3 } = 1X2 






(Ai,i 


+ 2 A) 1 


Xi 


x 2 ,x 3 


{X 2 ,X 2 } = iX u {X 3 ,X 3 } = iX 1 


Nilpotent 


(1,2) 


(Ai.i 


+ 2A) 2 


Xi 


x 2 ,x 3 


{X 2 , X 2 } = iXi , {X 3 ,X 3 } = -iXi 


Nilpotent 



One can check whether super Jacobi identities for the above Lie superalgebras are satisfied. As mentioned 
in section 3 for obtaining dual Lie superalgebras we need automorphism supergroups of Lie superalgebras. In 
order to calculate the automorphism supergroups of two and three dimensional Lie superalgebras, we use the 
following transformation: 

X> = (-iy A^Xj, [X' i ,X' j \=f\ j X' k , (25) 

thus we have the following matrix equation for elements of automorphism supergroups 

{-lfi+ mk Ay k A st = y e A e k , (26) 

where index j is the column of matrix A and indices i and m are row and column of A st in the left hand side. 
Using (26) with the condition sdetA ^ and imposing the condition that A must be in the form (38), we obtain 
table 3 for automorphism supergroups 



10 Note that the superalgebra A is a one dimensional abelian Lie superalgebras with one fermionic generator and superalgebra 
Ai 1 is its bosonization. 
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Table 3 : Automorphism supergroups of the two and three dimensional Lie supcralgcbras 
g Automorphism supergroups comments 

~B ( I ° b ) 6 G »-{0} 

iM,i+A) ( a l C n ) m •)?-{()} 



C 1 c peS-{0}, c,dG»-{0}, oeS 

\ d ) 

I 1 a \ 

Ci 6 2 6 e 3? - {0} , a e 5R 



2 

a 





) 





a 


J 


1 


a 


' 





c 











d 


1 


a 








i ') 
b z 











6 


1 











c 


b 





a 


d 


1 





~ 





c 











d / 


a 











ad 








e 


d 


1 





o 1 





c 








d 




1 











c 


-d 





d 


c 



Cf I c b I ab-cd^0 

\ a d / 

/ 1 \ 

c 2 o c o c,de»-{o}, P e[-i,i]-{o} 



C 3 ad a,d e 3?- {0}, e e 5R 

\ e d / 

/ 1 \ 

c 4 o c o ce Sft-{0}, de 5R 



c -d p > 0, c G 3? - {0} or d 6 3? - {0} 

Ode/ 

6 2 + c 2 

(Ai,i+2A) 1 ; 6 -c | 6 e 3?- {0} or c e 3?- {0} 

c b 

b 2 - c 2 

(Ai,i+2A) 2 ( be) b e 3?- {0} or c e 3?- {0} 

c 6 



5 Two and three dimensional Lie super-bialgebras 

Using the methods discussed in section 3, we can classify two and three dimensional Lie super-bialgebras. We 
have applied Maple 9 and obtained 48 Lie super-bialgebras. These have been listed in the following tables 4-7: 

Table 4 : Two dimensional Lie super-bialgebras of the type (1,1) 



g 


g 


(Anti) Commutation relations of g 




7 (i,i) 










B 


(^i,i+^) 


{X 2 ,X 2 } = iX 1 




(Ai,i +A).i 


{X 2 ,X 2 } = -iX 1 
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Table 5: Three dimensional Lie super-bialgebras of the type (2 ,1). 



g g (Anti) Commutation relations of g Comments 





7 (2,1) 

Cl p -i 


[X\X 2 ] 


= x\ 


[X 2 ,X 3 ] = 


pX 3 




p e »- {0} 




1(9 1 "1 
^ 'p=-3 


[X\X 2 ] 


= x\ 


[X 2 ,X 3 ] = 


iX 3 






c\ 

2 


C£.ii| ! 
c\ .% 

2 


[X\X 2 ] 
[X\X 2 ] 


= -x\ 
= -x 1 , 


[X 2 ,X 3 ] 
[X 2 ,X 3 ] 


= -ix 3 

= fx 3 , {X 3 ,X 3 } = 


iX 1 






2 




= x\ 


[X 2 ,X 3 ] = 


-fx 3 , {X 3 ,X 3 } = 


-iX 1 








[X\X 2 ] 


= -kX 


2 , [X\X 3 ] 


= -fx 3 , {X 3 ,X 3 } = 


: AX 2 


fc G 5R- {0} 



Table 6: Three dimensional Lie super-bialgebras of the type (1 ,2) 



g 




g 












Comments 






7 (1,2) 














c\ 






l-2A)2,0,-« 
















7 (1,2) 














cl 




- 












-1< k < 1 


p€ [- 


■1,1) -W 


(^i,i - 


1" 2-A)o,l,o ' 




,i+2A) 2 10 , 




^2A) 2 jljE , (A 1 , 1 +2A) 2 fc _ E 


fc e 5R 






7 (1,2) 














c 3 




(^1,1- 

- 


H2A) e \o,« 


(Ai, 


i+2A) 2 i0 ,_ e 












7 (1,2) 














c 4 




(Ai,i - 


l-2A)fc,0,l ■ 




,1 + 2^)J,o,-i 






< fc, s < 






- 


l"2A)o, e ,0 > 


(Ai, 


1+2^)1,0,1 , 


(^i,i " 


t" 2A) 2 _ 1 


k < 0, < s 






7 (1,2) 


















(^1,1- 


H2A)i :0jl , 


(M 


,1 + 2A) S 1 , ,_ 1 






< fe, s < 


p > 




(^1,1 - 


H 2A) 2 j0i1 , 


(Ai 


,i+2A) 2 ,_ 1 






fc < 0, < s 


(^1,1 


+ 2 A) 1 


7 (1,2) 














(^1,1 


+ 2A) 2 


7 (1,2) 















Where in the above table e = ±1. 



For three dimensional dual Lie superalgebras (A\ t i + 2A)^ p , (Ai t i + 2A) 2 a p where are isomorphic with 
+ 2A) 1 , + 2A) 2 respectively, we have the following commutation relations: 

{X 2 ,X 2 } =iaX\ {X 2 ,X 3 } = i/3X\ {X 3 ,X 3 } = iyX 1 , a^^eJi. (27) 
Note that these Lie superalgebras are non isomorphic and they differ in the bound of their parameters. 

Meanwhile note that for every Lie superalgebra of tables 1 and 2 there are trivial solutions for equations 
(14) and (15) with f\ = 0. (i.e. the dual Lie superalgebra is Abelian) we denote these dual Lie superalgebras 
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with J (mi „). 

We see that for two and three dimensional Lie super-bialgebras (with two fermions), trivial Lie superalgebras 
are only dual to nontrivial one. The solution of super Jacobi and mixed super Jacobi identities and related 
isomorphism matrices C (in step 1) are listed in Appendix B. Here for explanation of steps 1-3 of section 3 we 
give an example. 



5.1 An example 

What follows is an explanation of the details of calculations for obtaining dual Lie superalgebras of Lie super- 
bialgebras (C 4 , (Ai t i + 2A)\ 1 ) and (C 4 , (A i;1 + 2A) 1 8 As mentioned in Appendix B, the solution of super 
Jacobi and mixed super Jacobi identities have the following form 



r22 

J 1 



This solution is isomorphic with the Lie superalgebra {A\ t \ + 2A) 1 with the following matrix: 



cn 

C21 C 22 C 23 

C31 c 33 



(28) 



(29) 



where c u = -icj 3 f 3 \, c 23 = -c-n-jw-, f 2 \ = ( 4/" )/ 33 i and c 22, c 33 e K - {0}. By imposing that Ci must 
be the transformation matrix (38), we have C31 = c 2 i = 0. 

Now with the help of automorphism supergroup of C 4 , the solution of (21) for the matrix B will be 



B = 









-if 3 \- 



(30) 



Now using (20), we obtain the following commutation relations for the dual Lie superalgebra (^4i,i + 2A) 1 



{A 2 , A 2 } = ia X 1 , {X 3 ,X 3 } = ibX\ 



a = 



fr§ 3 | b ' = l } 



(31) 



such that a and b have the same sings. 

One cannot choose a = b because in this case we have 



/ 11 11 12 

/ c ( b 32+ fc 33) 



B x = 



V 





-b' 



, 33 

^32 



J 32 
^33 



(32) 



so as BB X 1 ^ y4 s *(C 4 ). Now by choosing b = 1 i.e. /3 = c 2 we have 



Bo = 



( 



V 



b 32 



»2 
+ ^33 













4^32 







22 // 


^32 


fo 33 



(33) 



such that BB^ 1 e A st {C 4 ), this means that we can choose 6=1 and in this case we have the following dual 
Lie superalgebras (a = — k > 0): 



(Ai.i + 2A)i fiA : 



{A 2 , A 2 } =ijfeX 1 , {A 3 , A 3 } = iX 1 , k>0 



(34) 
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In the same way by choosing b = — 1 i.e. (3 — —c 2 such that b /i we have 



t -or 



in 2 

b 33) 



V 





h-2 



33 



'32 



(35) 



'33 



/ 



so as BB 3 1 E A S *(C 4 ), this means that we can choose 6 — — 1 and in this case we have the following dnal Lie 
superalgebras (a = — p = s < 0): 

C 22 

(A^ + 2A)l >0 _! : {X 2 ,! 2 } = isX 1 , {X 3 ,X 3 } = -iX\ s<0 (36) 

Note that as B 2 B^ $ A st (C 4 ), this means that the Lie super-bialgebras (C 4 , {A\ t \ + 2A)^ x ) and (C 4 , (Ai.i + 
2A)l _ x ) are not equivalent. 



6 Conclusion 

We presented a new method for obtaining and classifying low dimensional Lie super-bialgebras which can also 
be applied for classification of low dimensional Lie bialgebras. We classified all 48 two and three dimensional 
Lie super-bialgebras 0- Using this classification one can construct Poisson-Lie T-dual sigma models on the low 
dimensional Lie supergroups [19] (as [4] for Lie groups). Moreover, one can determinate the coboundary type of 
these Lie super-bialgebras and their classical r-matrices and Poisson brackets for their Poisson-Lie supergroups 
20 . Determination of doubles and their isomorphism and investigation of Poisson-Lie plurality (21) are open 
problems for further investigation. 
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Appendix A 

In this appendix, we will review some basic properties of tensors and matrices from 1 16). 

1. We consider the standard bases for the supervector spaces so that in writing the bases as a column 
matrix, we first present the bosonic base, then the fermionic one. The transformation of standard bases and its 
dual bases can be written as follows: 

e'i = (-lyKi i ej , e' 1 = K~ tl 3 e J , (37) 

where the transformation matrix K has the following block diagonal representation |16j 



A 


C 


D 


B 



(38) 



where A,B,C are real submatrices and D is pure imaginary submatrix |16j . Here we consider the matrix and 
tensors having a form with all upper and lower indices written in the right hand side. 

2. The transformation properties of upper and lower right indices to the left one for general tensors are 
as follows: 

%L = TiL, jTt = (-iyr;t. (39) 

3. For supertransposition we have 

L^ = (-l)« V, LV' = (-l) y £*i. 

11 Note that in this classification one can omit the i = «J— 1 from commutation relations and to obtain Lie super-bialgebras in 
the nonstandard bases. 
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M\j = M jU M t ij = M ji . 



4. For superdeterminant we have 

sdet 

when detB ^ and 

sdet 



A 


C 


D 


B 



det(A-CB- 1 D)(detB)- 1 , 



A 


C 


D 


B 



(det(B - DA-'C))-' {detA), 



when detA ^ 0. For the inverse of matrix we have 



(40) 
(41) 
(42) 

(43) 

where detA, detB ^ and m,n are dimensions of submatrices A and B respectively. 
Appendix B 

This appendix includes solutions of super Jacobi and mixed super Jacobi identities (sJ — msJ) for dual Lie 
superalgebras and isomorphism matrices C which relate these solutions to other Lie superalgebras. 
1. Solutions of (sJ — msJ) for dual Lie superalgebras of B is 



A 


C 


) "( 


(l m — A~ 1 CB~ 1 D)~ 1 A~ 1 


-(l m ~ A^CB^D^A^CB- 1 


D 


B 




-(1„ - B~ 1 DA~ 1 C)~ L B~ 1 DA~ 1 


(1„ - B- l DA-LC)- l B~ L 



(22 
J 1 



la, 



n = o, 



where a € 5ft. 

Isomorphism matrix between this solutions with (Ai^ + A) is as follows: 



C 



-*4 2 P\ 

C21 C 22 



(44) 



(45) 



with the conditions C22 € 3? — {0} and imposing that C must be the transformation matrix, we have C21 = 0. 
3. Solutions of (sJ — msJ) for dual Lie superalgebras of (peS - {0}) are 






; i2 i 


= a, P\ = pa, 




{0}, a e 5ft 


a) 


n 


= n = 0, 


P=h 


/?e5ft, 


Hi) 


n 


= h, 


P e 5ft- 


{0}, 7 e5ft 


iv) 


n 




P = i 


A, 77 e 5ft, 


V) 


n 


=m, / 23 3 = -f, n=™ 


P = -2 





For solution (i) we have isomorphism matrix between these solutions with C* as follows: 



C 



Cll 


1 

/ 12 i 


Cl3 


C21 














C33 



(46) 



with the conditions / 2 | = pj x \ and C21, C33 € 5ft— {0}, en € 5ft, as well as imposing that C must be transforma- 
tion matrix we have C13 = 0. Solution (ii) is a special case of solution (i). For solution (Hi) and (iv) sdetC = 0. 
Solution (v) is investigated for (C\ , C*) in the following step. 

3. Solutions of (s J — msJ) for dual Lie superalgebras of C\ are 

2 

i) / 2 | = a, / 12 1 = 2a, «e», 



ii) P\=iP, / 33 2 ^ 7 , / 23 3 = f, / 13 3 



^, / 12 1= -/3, / 12 2 



,7 e 5ft. 
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For solution (i) we have isomorphism matrix C between (Ci ,(73,) as follows: 



C 



Cll 


1 

2/ 23 3 


Cl3 


C21 














C33 



(47) 



with the conditions / 12 3 = 2/ 23 3 , C21, c 33 e 3ft — {0}, Cn <G 3ft and p = — |, as well as imposing that C must be 
the transformation matrix, we have C13 = 0. 

For solution (ii) we have isomorphism matrices C\ and C2 between (Ci,Ci) as follows: 



Ci - 



with the conditions / 3 | = / 13 3 = f 12 



Cll 
— * c 33/ 33 l 



2 - 0, c 33 e R 

/ 1 Z 



-i- \ 



Cl2 



c 2 



/ 33 2 _ P- 

'^ c 33 f 1 







■ 


c 33 y 




{0} and en € 3ft 


C12 


I) 


,>2 f33 
* c 33/ 2 




C33 / 



(48) 



(49) 



(50) 



with the conditions c 33 e 3f — {0} and C12 € 3?. 

4. Solution of (sJ — msJ) for dual Lie superalgebras of C 2 , C 3 , C 4 and is 

/ 2 i=*a, / 33 i=^, / 23 i=H, 
where a,(5 and 7 € 3?. Furthermore for C 3 we have another solution as follows: 

722 

./ 1 = ia, 

where for this solution we have sdetC = and a e 3? therefore we omit it. 

4.1. For the above solution, we have the following isomorphism matrices Ci, C2 and C3 between C 2 , C 3 , 
C 4 and C* with (Ai A + 2A) 1 



Ci 





(51) 



with the conditions f 2 \ = ( C23 t° 33 ) f 3 \ and c 2 2, C33 € 3ft — {0}, as well as imposing that Ci must be the 

c 22 

transformation matrix, we have C31 = c 2 i = 0; 



/ * c 23/ 33 



Co 



V 



C21 
C31 



\ 

c 23 

/ 33 



(52) 



with the conditions f 2 \ — ( C23 a C33 )/ 33 i and C23, c 33 <G 3? — {0}, as well as imposing that C 2 must be transfor- 
mation matrix, we have C31 = c 2 i = 0; 



C 3 



Cll 








Cll 


C22 


C23 


C31 


C32 


C33 



(53) 
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with the conditions f 2 \ = (%±%)/ 33 , j 2 \ = _(£aaQa±aa£aa)/33 and Cn e s R _ { }, C22 , C23 , C32 , 

c 22"i" c 32 c 22"r c 32 

C33 € 5ft with the conditions c| 3 + c§ 3 7^ 0, c 22 + c 32 7^ 0, as well as imposing that C3 must be the transformation 
matrix, we have C31 = c 2 i = 0. 

4.2. For the above solution we have isomorphism matrices C4, C 5 , C 6 , C7 and C 8 between C 2 , C 3 , C 4 and 
Cp 1 with (A M + 2A) 2 as follows: 

/ -1032(033 - c 33 )/ 23 \ 
C4 = c 2 i c 32 c 23 , (54) 

V c 3 i c 32 c 33 / 

with the conditions J 22 = -( C23 c ^ 2 C33 )/ 23 , / 33 = 0, c 2 3 7^ c 33 , c 32 G 5ft— {0} and c 23 , c 33 G as well as imposing 
that C4 must be the transformation matrix, we have C31 = c 2 i = 0; 

/ iC32(c23+C 33 )f 23 1 \ 

C5 = I c 2 i -c 32 c 23 J , (55) 

\ c 3 i c 32 C33 / 

with the conditions / 22 = ( C23 C ~ 2 C33 )f 2 \, f 3 \ — 0, c 23 7^ — c 33 , c 32 G 5ft— {0} and c 23 , c 33 G 5ft, as well as imposing 
that C5 must be the transformation matrix, we have C31 = c 2 i = 0; 

/ -^| 3 / 33 i \ 

C 6 = C2i 33 c 23 ; (56 ) 

y C31 _C33 / 3 \ C33 / 
_ 2 _ 2 ~ 

with the conditions J 22 = — ( C23 c 2 C33 )/ 33 and c 23 , C33 G 5ft — {0}, as well as imposing that Cq must be the 
transformation matrix, we have C31 = c 2 i = 0; 

\ 

?23 1 

(57) 

with the conditions f 2 \ = ( c 23~ c 33 }f 33 anc ! C22j C33 e 5ft — {0}, as well as imposing that C7 must be the 

c 22 

transformation matrix, we have C31 = C21 





( ich~f\ 








c 7 = j 


C21 


c 22 


."23 

-C22J3F 




V c 31 





C33 



0: 






Cll 








C21 


c 22 


C23 


C31 


C32 


C33 



C 8 = c 2 i c 22 c 23 , (58) 
\ C31 c 32 C33 / 

with the conditions ,/ 22 - (f|azf|i)/33 / 23 = ( C22 g 3 "g 2C33 )/ 33 and cn G 5ft — {0}, c 22 , c 23 , c 32 , 

c 32 — c 22 c 32 c 22 

C33 G 5ft with the conditions c§ 3 — c 23 7^ 0, c 32 — c 22 7^ 0, as well as imposing that C 8 must be the transformation 
matrix, we have C31 = c 2 i = 0. 
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1 Introduction 



Lie bialgebras were first introduced, from the mathematical point of view, by Drinfel'd as algebraic structures 
and classical limit of underlying quantized enveloping algebras (quantum groups) 1 . In particular, every 
deformation of a universal enveloping algebra induces a Lie bialgebra structure on the underlying Lie algebra. 
Conversely, it has been shown in Ref. _2 that each Lie bialgebra admits quantization. So the classification of Lie 
bialgebras can be seen as the first step in the classification of quantum groups. Many interesting examples of Lie 
bialgebras based on complex semisimple Lie algebras have been given in Drinfel'd pQ. A complete classification 
of Lie bialgebras with reduction was given in Ref. [3]. However, a classification of Lie bialgebras is out of 
reach, with similar reasons as for Lie algebra classification. In the non-semisimple case, only a bunch of low 
dimensional examples have been thoroughly studied [4] [SJ [6j [7] . On the other hand, from the physical point of 
view, the theory of classical integrable systems naturally relates to the geometry and representation theory of 
Poisson-Lie groups and the corresponding Lie bialgebras and their classical r-matrices (see, for example, Ref. 
[8]). In the same way, Lie super-bialgebras [9], as the underlying symmetry algebras, play an important role 
in the integrable structure of AdS/ CFT correspondence [10] . In this way, and by considering that there is a 
universal quantization for Lie super-bialgebras |11) , one can assign an important role to the classification of Lie 
super-bialgebras (especially low dimensional Lie super-bialgebras) from both physical and mathematical point 
of view. There are distinguished and nonsystematic ways for obtaining low dimensional Lie super-bialgebras 
(see, for example, Refs. [TH [T21 [H]). In this paper, using the adjoint representation of Lie superalgebras, we 
present a systematic way for obtaining and classifying low dimensional Lie super-bialgebras. We apply this 
method to the classification of two and three dimensional Lie super-bialgebras. 

The paper is organized as follows. In section two, we give basic definitions and notations that are used 
throughout the paper. The systematic way for classification of Lie super-bialgebras by using matrix form of 
super Jacobi (s J) and mixed super Jacobi (msJ) identities of Lie super-bialgebras is described in section three. 
A list of two and three dimensional Lie superalgebras of Ref. |15j is offered in section 4. The automorphism 
Lie supergroups of these Lie superalgebras are also presented in section 4 . Then, using the method mentioned 
in section two, we classify all 48 two and three dimensional Lie super-bialgebras in section five. The details of 
calculations are explained, using an example. The concluding section discusses some remarks. Certain properties 
of tensors and supermatrices are given in appendix A. Solutions of (s J — msJ) identities and their isomorphism 
matrices are give in appendix B. 



2 Basic definitions and notations 

In this paper we use DeWitt notation for supervector spaces, supermatrices, etc [16j . Some of definitions 
and related notations are given in appendix A. 

Definition: A Lie superalgebra g is a graded vector space g = gs ® gF with gradings; grade(gs) = 
0, grade(gF) = 1; such that Lie bracket satisfies the super antisymmetric and super Jacobi identities, i.e., 
in a graded basis {Xi} of g if we put [17] 

[X i ,X j ]=f k ij X k , (1) 

then 

(-i) iW+ *> rv'w + r a f jk + (~i) k(i+3) r k j\ ] = o, (2) 

so that 

f\j = -(-l) y /V (3) 

Note that, in the standard basis, f B BB and f F BF are real c-numbers and f B pF are pure imaginary c-numbers 
and other components of structure constants pj k are zero [16] , i.e. we have 

f ij = 0, if grade(i) + grade(j) ^ grade(k) [mod2). (4) 

Let g be a finite-dimensional Lie superalgebra and g* be its dual vector space and let (. , .) be the canonical 
pairing on g* © g. 
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Definition: A Lie super-bialgebra structure on a Lie superalgebra g is a super skew-symmetric linear map 
8 : g — > g <g) g (the super cocommutator) so that [9 

1) S is a super one-cocycle, i.e. 

8([X, Y]) = (ad x <8 I + 1 ® odyjaOH - (-l) |x||y| (ad y ® J + J ® ad y )5(A) VA, F e g, (5) 

where |A|(|Y|) indicates the grading of A(Y); 

2) the dual map l 8 : g* <g> g* — > g* is a Lie superbracket on g*, i.e., 

(Z®r ) ,5(X)) = ( t 6(Z®r)),X) = ([Z,r l ]*,X) VIeg; (6) 

The Lie super-bialgebra defined in this way will be indicated by (g, g*) or (g, 8). 

Proposition: If there exists an automorphism A of g such that 

8' = (A®A)o5o A-\ (7) 

then the super one-cocycles 8 and 8' of the Lie superalgebra g are equivalent [18 . In this case the two Lie 
super-bialgebras (g, 8) and (g, 8') are equivalent (as in the bosonic case [7]). 

Definition: A Manin super triple !9 J is a triple of Lie superalgebras (T>, g, g) together with a non-degenerate 
ad-invariant super symmetric bilinear form < . , . > on T> such that 

1) g and g are Lie sub-superalgebras of V, 

2) V = g ® g as a supervector space, 

3) g and g are isotropic with respect to < . , . >, i.e. 

< X h Xj >=< X\ X° >= 0, 5^ =< X it X° >= (-1)« < X 3 , Xi >= (-1)« 6 j h (8) 

where {X^} and {X 1 } are basis of Lie superalgebras g and g, respectively. Note that in the above relation 5 3 \ 
is the ordinary delta function. There is a one-to-one correspondence between Lie super-bialgebra (g,g*) and 
Manin super triple (T>, g, g) with g* = g [9]. If we choose the structure constants of Lie superalgebras g and g 
as 

[X z , X 3 ] = f l3 X k , \X\ X j ] = f\X k , (9) 

then ad-invariance of the bilinear form <., . > on D = g 93 g implies that 

[Xi, x j ] = (-iyf\x k + (-iyp M x k . (10) 

Clearly, using Eqs. (6) and (9) we have 

8{x l ) = (-iy k ~p\x J ®x kl (ii) 

note that the appearance of f— 1) J in this relation is due to the definition of natural inner product between 
g®g and g*®g* as (A 1 <g> X 3 , X k <g> X t ) = (-1)^8^8^. 

As a result, if we apply this relation in the super one-cocycle condition (5), super Jacobi identities (2) for 
the dual Lie superalgabra and the following mixed super Jacobi identities are obtained 

j?m ri rml , rl lira , I -i \jl j?i fml , f -i \ik j?l "fira /-i n\ 

I jkJ m — J mkJ j + J jrnJ fc + l l ) J jmJ k "+" I L ) JmkJ y \ lz ) 

This relation can also be obtained from super Jacobi identity of T>. 
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3 Calculation of Lie super-bialgebras using adjoint representation 



As discussed in the introduction, by use of super Jacobi and mixed super Jacobi identities we classify two and 
three dimensional Lie super-bialgebras. This method was first used to obtain three dimensional Lie bialgebras 
in Ref. @]. Because of tensorial form of super Jacobi and mixed super Jacobi identities, working with them is 
not so easy and we suggest writing these equations as matrix forms using the following adjoint representations 
for Lie superalgebras g and g 

(&Y „ = (y i )jk = -f jk . (13) 

Then the matrix forms of super Jacobi identities (2) for dual Lie superalgebra g and mixed super Jacobi 
identities (12) become as follows, respectively: 

k X k - + (-VfifrX* = 0, (14) 

(x i )\ y l = ~{-if{x st y y i + y j x i - (~i) ij y i x j + (-i) fe +« (x st y y*. (15) 

Note that in the above relations we use the right indices for the matrix elements and index k represents the 
column of matrix X st . 

Having the structure constants of the Lie superalgebra g, we solve the matrix Eqs. (14) and (15) in order to 
obtain the structure constants of the dual Lie superalgebras g so that (g, g) is Lie super-bialgebra. We assume 
that, we have classification and tabulation of the Lie superalgebras g (for example two and three dimensional 
Lie superalgebras for this paper). Here we explain the method in general and one can apply it for classification 
of other low dimensional Lie super-bialgebras [III]- We fulfill this work in the following three steps. Note that 
in solving Eqs. (14), (15), (17) and (21) we use the MAPLE program. 

Step 1: Solutions of super Jacobi and mixed super Jacobi identities and determination of Lie superalgebras 
g' which are isomorphic with dual solutions 

With the solution of matrix Eqs. (14) and (15) for obtaining matrices X 1 , some structure constants of g are 
obtained to be zero, some unknown and some obtained in terms of each other. In order to know whether g is one 
of the Lie superalgebras of table or isomorphic to them, we must use the following isomorphic relation between 
obtained Lie superalgebras g and one of the Lie superalgebras of table, e.g., g'. Applying the transformation 
(37) for a change of basis g we have 

X >i = & j X i , [X\x' j ] = f'i j x' k , (16) 

then the following matrix equations for isomorphism 

(-1)<W+D C {C\ Xfc) = X( gl) C, (17) 

are obtained, where the indices j and I correspond to the row and column of C in the left hand side of (17). In 
the above matrix equations are adjoint matrices of known Lie superalgebra g' of the classification table. 

Solving (17) with the condition sdetC ^ we obtain some extra conditions on m 's that were obtained from 
(14) and (15). 

Step 2: Obtaining general form of the transformation matrices B : g' — > g'-i; such that (g, g'.i) are Lie 
super-bialgebras 

As the second step we transform Lie super-bialgebra (g, g) (where in the Lie superalgebra g we impose 
extra conditions obtained in the step one) to Lie super bialgebra (g, g'.i) (where g'.i is isomorphic as Lie 
superalgebra to g') with an automorphism of the Lie superalgebra g. As the inner product (8) is invariant we 
have A~ st : g — > g'.i, 

X[ = {-l) k A t k X k , X* = (A- st y t X l , KX'^x't >=5 i j , (18) 

where A~ st is superinverse supertranspose of every matrix A G Aut(g) [Aut(j*) is the automorphism supergroup 
of the Lie superalgebra g]. Thus we have the following transformation relation for the map A~ st : 

(-i) kU+l) (A- st yJ^ m {A- st )\ = r\ s ,, } n(A- st ) n m - (19) 
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Now, for obtaining Lie super-bialgebras (g, g'.i), we must find Lie superalgebras g'.i or transformations 
B : g' — > g'.i, such that 

(-l)*tf+0fl* fc /« (g/) m B\=f\ s ,. l)n B n m . (20) 

For this purpose, it is enough to omit f l \ s > n n between (19) and (20). Then we will have the following matrix 
equation for B: 

(A~ st y m # s ~ "M -1 = (-l) l ^\B st A)- 1 (B\X stk {g/) )B st , (21) 

where indices / and j are row and column of B st in the right hand side of the above relation. Note that for A~ st 
and A^ 1 in (21) we use row and column indices on the right hand sides. Now by solving (21) we obtain the 
general form of matrix B with the condition sdetB ^ 0. In solving (21) one can obtain conditions on elements 
of matrix A, yet we must only consider those conditions under which we have sdetA ^ and matrices A, B 
and A~ st have the general transformation matrix form (38). 

Step 3: Obtaining and classificating the nonequivalent Lie super-bialgebras 

Having solved (21), we obtain the general form of the matrix B so that its elements are written in terms 
of the elements of matrices A, C and structure constants ffiL Now with substituting B in (20), we obtain 
structure constants f l \ s > n n of the Lie superalgebra g'.i in terms of elements of matrices A and C and some 
f?L. k ■ Then we check whether it is possible to equalize the structure constants f lJ ( g , ^ n with each other and 
with ±1 or not so as to remark sdetB ^ 0, sdetA ^ 0, and sdetC =/= 0. In this way, we obtain isomorphism 
matrices Bi, B 2 ,~~ As Bf must be in the form of transformation matrices (38), we obtain conditions on the 
matrices Bi. The reason is that if (g, g'.i) is Lie super-bialgebra, then (g',g.i) will be Lie super-bialgebras 
with Bf : g — > g.i. Note that in obtaining BiS we impose the condition BB^ 1 e Aut st (g) [Aut st (g) is the 
supertranspose of Aut(g)]; if this condition is not satisfied then we cannot impose it on the structure constants 
because B and Bi are not equivalent (see bellow). 

Now using isomorphism matrices B±, B2, etc, we can obtain Lie super-bialgebras (g, g'.i), (g, g'-ii), etc. On 
the other hand, there is the question: which of these Lie super-bialgebras are equivalent? In order to answer this 
question, we use the matrix form of the relation (7). Consider the two Lie super-bialgebras (g, g'.i), (g, g'-ii); 
then using [20] 

A(X i ) = (-iyA i j X j , (22) 
relation (7) will have the following matrix form: 

(-iyU+i)A st ((A st )\X (s , A) k ) = X (s ,. u) l A st . (23) 

On the other hand, the transformation matrix between g'.i and g'.ii is B 2 Bi 1 if B 1 : g' — > g'.i and B 2 : 
g' — > g'-ii', then we have 

(-l)^ +l \B 2 B^)((B 2 B^)\X {g ,. l} k ) = X^.^iB.B' 1 ). (24) 

A comparison of (24) with (23) reveals that if B 2 B^ X E A st holds, then the Lie super-bialgebras (g, g'.i) and 
(g, g'.ii) are equivalent. In this way, we obtain nonequivalent class of BiS and we consider only one element of 
this class. Thus, we obtain and classify all Lie super-bialgebras. In the next section, we apply this formulation 
to two and three dimensional Lie superalgebras. 

4 Two and three dimensional Lie superalgebras and their automor- 
phism supergroups 

In this section, we use the classification of two and three dimensional Lie superalgebras listed in Ref. [15] . 
In this classification, Lie superalgebras are divided into two types: trivial and nontrivial Lie superalgebras for 
which the commutations of fermion-fermion is zero or nonzero, respectively (as we use DeWitt notation here, 
the structure constant Cp F must be pure imaginary). The results have been presented in tables 1 and 2. As 
the tables (m, n — m) indicate, the Lie superalgebras have m, {X\, X m } bosonic and n — m, {X m+ i, X n } 
fermionic generators. 
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Table 1 



Trivial Lie superalgebras. 



Type g Bosonic basis Fcrmionic basis Non-zero commutation relations Comments 



(1.1) 


B 




x 2 


[Xi,X 2 ] 


= x 2 








(2,1) 


cl 


X\ , X2 


x 3 


[Xi,X 2 ] 


= x 2 , 


[Xi,X 3 ] = 


pX 3 


p ¥= 




c% 


Xi 


X2 , x 3 


[Xi,X 2 ] 


= x 2 , 


[Xi,X 3 ] = 


pX 3 


< \p\ < 1 




c 3 


X! 


X2 , x 3 


[X U X 3 ] 


= x 2 






Nilpotcnt 


(1,2) 


c 4 


x 1 


X2 , x 3 


[Xi,X 2 ] 


= x 2 , 


[Xi,X 3 ] = 


X2 + x 3 






c l 


X x 


X2 , x 3 


[Xi,X 2 ] 


= pX 2 


-X 3 , [Xi 


, x 3 ] = x 2 + pX 3 


p > 



Table 2 : Nontrivial Lie superalgebras ([21 ). 



Type 


g 




Bosonic basis 


Fcrmionic basis 


Non-zero 


(anti)commutation relations 


Comments 


(1,1) 


{Ay 


1 + A) 




x 2 


{X 2 ,X 2 } 


= iX x 




(2,1) 


c\ 




X\ , X2 


x 3 


[X U X 2 ] -- 


= X 2 , [X 1 ,X 3 \ = ±X 3 , {X 3 ,X 3 } = iX 2 






(Ai 


,1 +2A) 1 


X! 


x 2 ,x 3 


{X 2 ,X 2 } 


= iXi, {X 3 ,X 3 } = iXx 


Nilpotent 


(1,2) 


(M 


1 +2A) 2 


X! 


x 2 ,x 3 


{X 2 ,X 2 } 


= iXi, {X 3 ,X 3 } = -iXi 


Nilpotcnt 



One can check whether super Jacobi identities for the above Lie superalgebras are satisfied. As mentioned 
in section 3 for obtaining dual Lie superalgebras we need automorphism supergroups of Lie superalgebras. In 
order to calculate the automorphism supergroups of two and three dimensional Lie superalgebras, we use the 
following transformation: 

X[ = (-iy A, , [Xl X'j] = f%X' k , (25) 

thus we have the following matrix equation for elements of automorphism supergroups: 

{-l) ij+mk Ay k A st =y e A e k , (26) 

where index j is the column of matrix A and indices i and m are row and column of A st in the left hand side. 
Using (26) with the condition sdetA 7^ and imposing the condition that A must be in the form (38), we obtain 
table 3 for automorphism supergroups. 
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Table 3 : Automorphism supergroups of the two and three dimensional Lie supcralgcbras. 
g Automorphism supergroups Comments 

fl (TT) be®-{0} 

(M.1+A) ( ^ M ag5R-{0} 

1 a 

C£ I c j pg5R-{0}, c,dg5ft-{0}, a g 5ft 

d 

1 a 

C} ( 6 2 ) 6 6 5ft - {0} , a g 5R 

6 

10 

C 2 ( c 6 | a6-cd^0 

a d 

1 

c 2 | o c o | c,d g5ft-{o}, P e [-1,1] -{0} 

d 

a 

C* 3 ( ad ) a,de5R-{0},eeS 

e d 

1 

C* 4 ( c | e g 5ft - {0}, d g 5R 

Ode 

1 

Cj ( c -d ) p > 0, c 6 5ft - {0} or d g 5ft - {0} 

Ode' 

6 2 + c 2 

(A1.1+2A) 1 ( b -c I 6 € 5ft - {0} or c g 5ft - {0} 

c b ' 

b 2 - c 2 

(A 1 . 1 +2A) 2 I 6 c I b e 5ft- {0} or c g 5ft- {0} 

c b 



5 Two and three dimensional Lie super-bialgebras 

Using the methods discussed in section 3, we can classify two and three dimensional Lie super-bialgebras. We 
have applied MAPLE 9 and obtained 48 Lie super-bialgebras. These have been listed in the following tables 
4-6: 



Table 4 : Two dimensional Lie super-bialgebras of the type (1, 1). 



g 


g 


Non-zero (anti) commutation relations of g 


(^1,1+^4) 


7 (i,i) 






7 (i,i) 




B 


(M,i+A) 


{X 2 ,X 2 } = iX 1 




+A).i 


{X 2 ,X 2 } = -iX 1 
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Table 5: Three dimensional Lie super-bialgebras of the type (2 ,1). 



g 


g 


Non-zero 


(anti) commutation relations of g 


Comments 


c 1 


cl p .i 


[it 1 , it 2 } 


= it\ [it 2 ,x 3 }= P it 3 


p e »- {0} 




7 (2,1) 










Cg.i, 1 

' 'p=-3 


[it 1 , it 2 } 


= X 1 , [X 2 ,X 3 ] = ±X 3 




c\ 

2 


C} .i 

2 


[it 1 , it 2 } 

[it 1 , it 2 ] 


= -it 1 , [x 2 ,it 3 } = -\it 3 

= X\ [X 2 ,X 3 ] = -±X 3 , {X 3 ,X 3 } = iX 1 






2 


[it 1 , it 2 } 


= -x 1 , [x 2 ,x 3 ] = ix 3 , {it 3 ,it 3 } = ~iit 1 








[it 1 , it 2 } 


= kit 2 , [it 1 , it 3 } = fx 3 , {it 3 ,it 3 } = ikit 2 


fc G J? - {0} 



Table 6: Three dimensional Lie super-bialgebras of the type (1 ,2). Where e = ±1. 



g 




g 












Comments 






7 (1,2) 














cl 




(Ai,i - 
{M,i- 


H2A)i 0j£ 
H2A)2 0j _ e 
















7 (1,2) 














cl 




- 












-1< k < 1 


PG [- 


-1,1) -{0} 


(^1,1 - 


f 2^)0,1,0 ' 




,i+2A)2 10 , 


(Ai.i - 


l-2A)g,l,« ' (^i,i+2^)?, fc ,_ E 








7 (1.2) 














c 3 




- 


^2A)J j0iE 
l-2A)§,«,0. 


(Ai, 


i+2A) 2 A _ e 












7 (1,2) 














c 4 




- 


l-^fcAl ■ 




,1 + 2^)^,0,-! 






< fc, s < 






(Ai,i - 




(^1, 


l+ 2 ^)l,0,l < 


(^1,1- 


^2A)2,o,-i 


fc < 0, < s 






7 (1.2) 














C5 




(Ai,i - 


1- 2^)^,0,1 . 


(Ai 


,1 + 2A )l,0,-l 






< fc, s < 


p > o 




(^1,1 - 


H 2A) 2 i(u , 


(Ai 


,i+2A) 2 :0j _ 1 






fc < 0, < s 


(M,l 


+ 2 A) 1 


7 (1,2) 
















+ 2A) 2 


7 (1,2) 















For three dimensional dual Lie superalgebras (^4i,i + 2A)l t j3 , y and (^4i,i + 2j4)^ )/9 which are isomorphic 
with (Ai t i + 2A) 1 and (A1.1 + 2A) 2 , respectively, we have the following commutation relations: 

{X 2 ,X 2 } = iaX 1 , {X 2 ,X 3 } = if3X 1 , {X 3 ,X 3 } = i-yX 1 , a,/3,-y€$l. (27) 

Note that these Lie superalgebras are non isomorphic and they differ in the bound of their parameters. 

Meanwhile note that for every Lie superalgebra of tables 1 and 2 there are trivial solutions for Eqs. (14) 
and (15) with f \ = 0. (i.e. the dual Lie superalgebra is Abelian) we denote these dual Lie superalgebras with 
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-*(m,n) • 

We see that for two and three dimensional Lie super-bialgebras (with two fermions), trivial Lie superalgebras 
are only dual to nontrivial one. The solution of super Jacobi and mixed super Jacobi identities and related 
isomorphism matrices C (in step 1) are listed in Appendix B. Here for explanation of steps 1-3 of section 3 we 
give an example. 



5.1 An example 



What follows is an explanation of the details of calculations for obtaining dual Lie superalgebras of Lie super- 
bialgebras (C 4 , {A hl +2A)\ 01 ) and (C 4 , {A hl +2A)\ 

o — i)* As mentioned in Appendix B, the solution of super 
Jacobi and mixed super Jacobi identities has the following form: 



r\=ia, r\=i(3, r\=h, Va,/3, 7 eK. 
This solution is isomorphic with the Lie superalgebra (^4i,i + 2A) 1 with the following matrix: 



di 

C21 C 22 C 2 3 
C31 C33 



(28) 



(29) 



where c n = -ic 2 3 / 33 , c 23 = -c 22 Q-, f 2 \ = (^4^)f 3 \ and c 22 , c 33 e 5ft- {0}. By imposing that d must 

J 1 L 22 

be the transformation matrix (38), we have C31 — c 2 i = 0. 

Now with the help of automorphism supergroup of C 4 , the solution of (21) for the matrix B will be 



B 



C 2 (^2+fe' 3 ) 








(30) 



Now using (20), we obtain the following commutation relations for the dual Lie superalgebra (Ai t i + 2A) 



11. 



{A 2 , A 2 } = iaX 1 , {A 3 , X 3 } — ib it 1 , 



a = 



h '-l 



(31) 



22 



such that a and b have the same sings. 

One cannot choose a = b because in this case we have 



/ c 2 (b 32 +b 33) 



#1 = 



V 



33 



y 32 



7 32 
^33 



(32) 



so as BB 1 1 ^ A st (C A ). Now by choosing fe' = 1 i.e., [3 = c 2 we have 



£2 = 



V 



,2 
32 



/2 
33 











-£33 h Sja/i 
„ o 33 „ o 32 

^32 ^33 



(33) 



such that BB^ 1 £ A st (C 4 ), this means that we can choose 6=1 and in this case, we have the following dual 
Lie superalgebras (a = HP- = k > 0): 



(A hl +2A)l 0A : 



{A 2 , A 2 } = ikX 1 , {A 3 , A 3 } = iit 1 , k>0. 



(34) 
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In the same way by choosing b = — 1 i.e., f3 = — c 2 such that » we have 



/ ml n,2 

I -(b 32 + 6 33 ) 



B, = 



\ 



pb 3 3 
2 ?i, 

& 32 







\ 



J 



(35) 



so as BB 3 1 G ^4 S *(C 4 ), this means that we can choose b = — 1 and in this case, we have the following dual Lie 
superalgebras (a — — 3p = s < 0): 

+ 2.4)^0 _! : {X 2 ,! 2 } = isX 1 , {X 3 ,X 3 } = -iX 1 , s < 0. (36) 

Note that as ^B^ 1 ^ ^ S *(C 4 ), this means that the Lie super-bialgebras (C 4 , +2A)J, x ) and (C 4 , (Ai.i + 
2A)l q _ x ) are not equivalent. 



6 Conclusion 

We have presented a new method for obtaining and classifying low dimensional Lie super-bialgebras which 
can also be applied for classification of low dimensional Lie bialgebras. We have classified all of the 48 two 
and three dimensional Lie super-bialgebras [21] ■ Using this classification one can construct Poisson-Lie T-dual 
sigma models [23 on the low dimensional Lie supergroups [24] (as Ref. [4] for Lie groups). Moreover, one can 
determinate the coboundary type of these Lie super-bialgebras and their classical r-matrices and Poisson brackets 
for their Poisson-Lie supergroups |25j . Determination of doubles and their isomorphism and investigation of 
Poisson-Lie plurality [26] are open problems for further investigation. 
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Appendix A: Some properties of matrices and tensors in supervector spaces 

In this appendix, we will review some basic properties of tensors and matrices in Ref. |16j . 

1. We consider the standard basis for the supervector spaces so that in writing the basis as a column 
matrix, we first present the bosonic base, then the fermionic one. The transformation of standard basis and its 
dual bases can be written as follows: 

e'i = (-lyKi'ej, e n = K~ sti j e\ (37) 

where the transformation matrix K has the following block diagonal representation |16j 



A 


C 


D 


B 



(38) 



where A, B and C are real submatrices and D is pure imaginary submatrix |16j . Here we consider the matrix 
and tensors having a form with all upper and lower indices written in the right hand side. 

2. The transformation properties of upper and lower right indices to the left one for general tensors are 
as follows: 

%t.=Tjt, 3 Tt = (-lYT;t. (39) 

3. For supertransposition we have 

L st *j = Lj \ Li j = {-l) lJ L l j, 
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Mf 



4. For supcrdeterminant we have 



when detB ^ and 



sdet 



sdet 



A 


C 


D 


B 



det{A-CB- 1 D){detB)~ 1 , 



A 


C 


D 


B 



(det(B - DA-'C))-' (detA), 



when detA ^ 0. For the inverse of matrix we have 



(40) 
(41) 
(42) 

(43) 

where detA, detB ^ and m,n are dimensions of submatrices A and B, respectively. 

Appendix B: Solutions (sJ — msJ) for dual Lie superalgebras and isomorphism matrices 

This appendix includes solutions of super Jacobi and mixed super Jacobi identities (sJ — msJ) for dual Lie 
superalgebras and isomorphism matrices C which relate these solutions to other Lie superalgebras. 
1. Solution of (sJ — msJ) for dual Lie superalgebras of B is 



A 


C 


) "( 


(l m — A~ 1 CB~ 1 D)~ 1 A~ 1 


-(l m ~ A^CB^D^A^CB- 1 


D 


B 




-(!„ - B~ L DA~ L C)~ 1 B~ L DA~ 1 


(1„ - B- l DA-LC)- l B~ L 



n = ia, n = o, 

where a <E 5ft. 

Isomorphism matrix between these solutions and (^4i,i + A) is as follows: 



C 



-*4 2 P\ 

C21 C 22 



(44) 



(45) 



with the conditions C22 € 3? — {0} and imposing that C must be the transformation matrix, we have C21 = 0. 
2. Solutions of (sJ — msJ) for dual Lie superalgebras of (peB - {0}) are 






; i2 i 


= a, P\ = pa, 




{o}, a en 


a) 


n 


= n = 0, 


P=h 


13 e5ft, 


Hi) 


n 


= h, 


P e 5ft- 


{0}, 7 e5ft 


iv) 


n 




P = i 


A, r\ e 5ft, 


V) 


n 


=m, n = -t, n=™ 


P = -2 


ijl, v e 5ft. 



For solution (i) we have isomorphism matrix between these solutions and C* as follows: 



C 



Cll 


1 

/ 12 i 


Cl3 


C21 














C33 



(46) 



with the conditions f 2 \ = pj x \ and C21, C33 € 5ft— {0}, en € 5ft, as well as imposing that C must be transforma- 
tion matrix we have C13 = 0. Solution (ii) is a special case of solution (i). For solution (Hi) and (iv) sdetC = 0. 
Solution (v) is investigated for (Cl , C*) in the following step. 

3. Solutions of (sJ — msJ) for dual Lie superalgebras of C\ are 

2 

i) / 2 | = a, / 12 1 = 2a, 



u) / 33 1= i/3, / 33 2 =* 7 , / 23 = f, n 



^2 

2 ' 



/ 12 1 



-a ; i2 2 



,7 e 5ft. 
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For solution (i) we have isomorphism matrix C between (Ci ,(73,) as follows: 



C 



Cll 


1 

2/ 23 3 


Cl3 


C21 














C33 



(47) 



with the conditions / 12 3 = 2/ 23 3 , C21, c 33 e 3ft — {0}, Cn <G 3ft and p = — |, as well as imposing that C must be 
the transformation matrix, we have C13 = 0. 

For solution (ii) we have isomorphism matrices C\ and C2 between (Ci,Ci) as follows: 



Ci - 



with the conditions / 3 | = / 13 3 = f 12 



Cll 
— * c 33/ 33 l 



2 - 0, c 33 e R 

/ 1 Z 



-i- \ 



Cl2 



c 2 



/ 33 2 _ P- 

'^ c 33 f 1 







■ 


c 33 y 




{0} and en € 3ft 


C12 


I) 


,>2 f33 
* c 33/ 2 




C33 / 



(48) 



(49) 



(50) 



with the conditions c 33 e 3f — {0} and C12 € 3?. 

4. Solution of (sJ — msJ) for dual Lie superalgebras of C 2 , C 3 , C 4 and is 

f 2 \=ia, f 3 \=i(3, f 2 \=h, 
where a,(5 and 7 € 3?. Furthermore for C 3 we have another solution as follows: 

f 1 = ia, a e 3ft, 
where for this solution we have sdetC = 0, therefore we omit it. 

4.1. For the above solution, we have the following isomorphism matrices Ci, C2 and C3 between C 2 , C 3 , 
C 4 and C* with (A M + 2A) 1 : 



— * c 33/ 33 l 



Ci 



Cll 

C31 





C22 





(51) 



with the conditions f 2 \ = ( C23 t° 33 ) f 3 \ and c 2 2, C33 e 3ft — {0}, as well as imposing that Ci must be the 

c 22 

transformation matrix, we have C31 = c 2 i = 0, 



/ * c 23/ 33 



Co 



V 



C21 
C31 



\ 

c 23 

/ 33 



(52) 



with the conditions f 2 \ — ( C23 a C33 )/ 33 i and C23, c 33 <G 3? — {0}, as well as imposing that C 2 must be transfor- 
mation matrix, we have C31 = c 2 i = 0, 



C 3 



Cll 








Cll 


C22 


C23 


C31 


C32 


C33 



(53) 
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with the conditions f 2 \ = (%±%)/ 33 , j 2 \ = _(£aaQa±aa£aa)/33 and Cn e s R _ { }, C22 , C23 , C32 , 

c 22"i" c 32 c 22~r c 32 

C33 € 5ft with the conditions c| 3 + c§ 3 7^ 0, c 22 + c 32 7^ 0, as well as imposing that C3 must be the transformation 
matrix, we have C31 = c 2 i = 0. 

4.2. For the above solution we have isomorphism matrices C4, C 5 , C 6 , C7 and C 8 between C 2 , C 3 , C 4 and 
Cp 1 with (A M + 2A) 2 as follows: 

/ -1032(033 - c 33 )/ 23 \ 
C4 = c 2 i c 32 c 23 , (54) 

V c 3 i c 32 c 33 / 

with the conditions J 22 = -( C23 c ^ 2 C33 )/ 23 , / 33 = 0, c 2 3 7^ c 33 , c 32 G 5ft— {0} and c 23 , c 33 G as well as imposing 
that C4 must be the transformation matrix, we have C31 = c 2 i = 0, 

/ iC32(c23+C 33 )f 23 1 \ 

C5 = I c 2 i -c 32 c 23 J , (55) 

\ c 3 i c 32 C33 / 

with the conditions / 22 = ( C23 C ~ 2 C33 )f 2 \, f 3 \ — 0, c 23 7^ — c 33 , c 32 G 5ft— {0} and c 23 , c 33 G 5ft, as well as imposing 
that C5 must be the transformation matrix, we have C31 = c 2 i = 0, 

/ -^| 3 / 33 i \ 

C 6 = C2i 33 c 23 ; (56 ) 

y C31 _C33 / 3 \ C33 / 
_ 2 _ 2 ~ 

with the conditions J 22 = — ( C23 c 2 C33 )/ 33 and c 23 , C33 G 5ft — {0}, as well as imposing that Cq must be the 
transformation matrix, we have C31 = c 2 i = 0, 

\ 

?23 1 

(57) 

with the conditions f 2 \ = ( c 23~ c 33 }f 33 anc ! C22j C33 e 5ft — {0}, as well as imposing that C7 must be the 

c 22 

transformation matrix, we have C31 = C21 





( ich~f\ 








c 7 = j 


C21 


c 22 


."23 

-C22J3F 




V c 31 





C33 



0, 






Cll 








C21 


c 22 


C23 


C31 


C32 


C33 



C 8 = c 2 i c 22 c 23 , (58) 
\ C31 c 32 C33 / 

with the conditions ,/ 22 - (f|azf|i)/33 / 23 = ( C22 g 3 "g 2C33 )/ 33 and cn G 5ft — {0}, c 22 , c 23 , c 32 , 

c 32 — c 22 c 32 c 22 

C33 G 5ft with the conditions c§ 3 — c 23 7^ 0, c 32 — c 22 7^ 0, as well as imposing that C 8 must be the transformation 
matrix, we have C31 = c 2 i = 0. 
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